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Dynamics and entropy in local algebra
Mahdi Majidi-Zolbanin, Nikita Miasnikov, and Lucien Szpiro
Abstract. We introduce and study a notion of algebraic entropy for self-
maps of finite length of Noetherian local rings, and develop its properties.
We show that it shares the standard properties of topological entropy. For
finite self-maps we explore the connection between the degree of the map and
its algebraic entropy, when the ring is a Cohen-Macaulay domain. As an
application of algebraic entropy, we give a characteristic-free interpretation of
the definition of Hilbert-Kunz multiplicity.
1. Introduction and notations
Iterating a map from a space to itself generates a discrete-time dynamical
system. One way to measure the complexity of such a system is by using the notion
of entropy. In dynamical systems entropy is a notion that “measures the rate of
increase in dynamical complexity as the system evolves with time.” ([16, p. 313].)
Depending on the type of the underlying space and its self-maps, different notions
of entropy can be defined and studied. For example, for compact topological spaces
and continuous self-maps, Adler, Konheim, and McAndrew introduced the notion
of topological entropy in [1] and for probability spaces and measure-preserving self-
maps, Kolmogorov introduced the notion of measure-theoretic entropy in [8] and
later Sinai improved this notion in [14].
In this paper we are concerned with discrete-time dynamical systems generated
by local self-maps (endomorphisms) of Noetherian local rings. For a Noetherian
local ring pR,mq, and a local self-map ϕ of R with the property that ϕpmqR is m-
primary (a self-map with this property is said to be of finite length), we introduce a
notion of algebraic entropy and develop its properties. In particular, we show that
this notion of algebraic entropy shares many properties of topological entropy. To
describe a number of these properties, let X be a compact topological space with
a continuous self-map ϕ and let htoppϕ,Xq be the topological entropy of ϕ. (For
definition of topological entropy see Appendix A.) It is well-known that htoppϕ,Xq
satisfies the following properties (see [1, p.p. 311-313]):
1) For any k P N, hpϕk, Xq  k  hpϕ,Xq.
2) If Y  X is a closed ϕ-invariant subspace, then hpϕæY , Y q ¤ hpϕ,Xq.
3) If f : X Ñ X 1 is a homeomorphism, then hpf  ϕ  f1, X 1q  hpϕ,Xq.
Key words and phrases. Algebraic entropy, Algebraic dynamics, Hilbert-Kunz multiplicity.
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4) If X 
m
i1 Yi, where Yi, (i  1, . . . ,m) are closed ϕ-invariant subsets,
then hpϕ,Xq  max
 
hpϕæYi , Yiq | 1 ¤ i ¤ m
(
.
Now let ϕ be a local self-map of finite length of a Noetherian local ring R, and
note that if a is an ϕ-invariant ideal of R, that is, if ϕpaqR  a, then ϕ induces a
self-map of finite length of R{a. Denote this induced self-map by ϕ. In Section 5
we will show that algebraic entropy satisfies the following properties:
11) For any k P N, halgpϕ
k, Rq  k  halgpϕ,Rq.
21) If a is an ϕ-invariant ideal, then halgpϕ,R{aq ¤ halgpϕ,Rq.
31) If f : RÑ R1 is a ring isomorphism, then halgpf ϕf
1, R1q  halgpϕ,Rq.
41) If all minimal prime ideals p1, . . . , pm of R are ϕ-invariant, and if ϕi is the
self-map induced by ϕ onR{pi, then halgpϕ,Rq  max
 
halgpϕi, R{piq | 1 ¤
i ¤ m
(
.
The analogy between conditions 1 - 4 and 11 - 41 is evident.
A number of notions in local commutative algebra, that are associated with the
Frobenius endomorphism and its iterations, currently only make sense in rings of
positive characteristic (e.g., the Hilbert-Kunz multiplicity). The notion of algebraic
entropy will allow us to give a characteristic-free interpretation of definitions of
these notions. (In the case of the Hilbert-Kunz multiplicity, see Definition 3.6 and
Remark 3.7.) Thus, using algebraic entropy, these notions may be defined and
studied in any characteristic and for arbitrary self-maps of finite length.
The organization of material in this paper is as follows: Section 2 contains some
preparatory but important facts about length of local ring homomorphisms, that
will be used throughout the paper. We define the notion of algebraic entropy in
Section 3 and give two examples. In Section 4 we develop the first set of properties
of algebraic entropy. In Section 5 we prove a number of properties of algebraic
entropy, that are similar to properties of topological entropy. In Section 6 we
restrict our attention to finite self-maps of domains and explore the connection
between the degree and algebraic entropy of such self-maps. Finally, in Section 7
we find upper and lower bounds for algebraic entropy. The Appendix contains a
quick review of the definition of topological entropy, as defined in [1].
Notations. All rings in this paper are assumed to be Noetherian, commutative
and with identity element. By a self-map of a ring we mean an endomorphism of
that ring. For a self-map ϕ of a ring we will write ϕn for the n-fold composition of
ϕ with itself. Given a ring homomorphism f : RÑ S and an S-module N , we will
denote by f

N the R-module obtained by restriction of scalars. That is, f

N is the
R-module whose underlying abelian group is N and whose R-module structure is
given by r  x  fprq x, for r P R and x P f

N . This notation is consistent with the
one used in [5]. If M is an R-module of finite length, we will denote its length by
ℓRpMq. For a finite R-module M we will use νpMq to denote the minimum number
of generators of M over R. For a ring R, the set of all minimal prime ideals of R
will be denoted by MinpRq. Finally, if ϕ is a self-map of a ring R, we will denote
the self-map induced by ϕ on SpecpRq by aϕ.
2. Preliminaries
Definition 2.1. A homomorphism f : pR,mq Ñ pS, nq of Noetherian local rings
is said to be of finite length, if it is local and fpmqS is n-primary. In this case we
define the length of f , λpfq P r1,8q as λpfq : ℓS
 
S{fpmqS

.
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Remark 2.2. Every finite homomorphism is of finite length, but the converse is
not true.
Proposition 2.3. Let f : pR,mq Ñ pS, nq be a homomorphism of finite length of
Noetherian local rings. If q is an m-primary ideal of R, then fpqqS is n-primary.
Proof. Let p be a minimal prime ideal of fpqqS. Then
q  f1 pfpqqSq  f1ppq.
By assumption q is m-primary, so we must have f1ppq  m. But then p  fpmqS.
Since fpmqS is assumed to be n-primary, it is immediately clear that p  n and the
result follows. 
Corollary 2.4. Suppose f : pR,mq Ñ pS, nq and g : pS, nq Ñ pT, pq are homomor-
phisms of finite length of Noetherian local rings. Then g  f is of finite length.
Proof. Since f is of finite length, fpmqS is n-primary and since g is of finite
length, by Proposition 2.3 gpfpmqSqT is p-primary. Thus pg  fqpmqT is p-primary,
that is, g  f is of finite length. 
Corollary 2.5. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. Then ϕn is also of finite length for all n ¥ 1.
Proof. We proceed by induction on n. The statement is true for n  1 by
assumption. Suppose the statement holds for n, i.e., suppose ϕn is of finite length.
Then since ϕn 1  ϕn  ϕ, the result follows from Corollary 2.4 and induction
hypothesis. 
Proposition 2.6. Let f : R Ñ S be a local homomorphism of Noetherian local
rings with residue fields kR and kS , respectively, and assume that rf kS : kRs   8.
If N is an S-module of finite length, then f

N is an R-module of finite length, and
(2.1) ℓRpfNq  rf kS : kRs  ℓSpNq.
Proof. Consider a composition series of N , 0  N0  N1  . . .  Nt  N ,
with Ni{Ni1  kS . This gives rise to a filtration of fN ,
0  f

N0  fN1  . . .  fNt  fN,
with quotients f

Ni{ fNi1  f kS . Thus, Equation 2.1 follows. 
Proposition 2.7. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map
of finite length of R. Let a be an ideal of R with the property ϕpaqR  a. Let ϕ
be the local self-map induced by ϕ on R{a. Then ϕ is of finite length, and for any
n P N:
λpϕ nq  ℓR{a
 R{a
rϕnpmqR  as{a
	
 ℓR
 R
ϕnpmqR  a
	
.
Proof. The claim that ϕ is of finite length quickly follows from the definition
of finite length. From the commutative diagram
R R
R{a R{a
ϕn
ϕ n
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we see immediately ϕ npm{aqpR{aq  rϕnpmqR  as{a. Thus, as pR{aq-modules
R{a
ϕ npm{aqpR{aq

R{a
rϕnpmqR  as{a
.
This establishes the first equality. For the second equality we apply Proposition 2.6
to the local homomorphism f : RÑ R{a, taking N to be
R{a
rϕnpmqR  as{a
,
and noting that rf

k
pR{aq : kRs  1, and that as R-modules
R{a
rϕnpmqR  as{a

R
ϕnpmqR   a
.

Corollary 2.8. Let pR,m, kq be a Noetherian local ring, and let ϕ be a finite local
self-map of R. Then
νpϕn

Rq  rϕ

k : ksn  λpϕnq.
Proof. By Nakayama’s Lemma
νpϕn

Rq  dimkpϕ
n

R{mϕn

Rq  ℓRpϕ
n

R{mϕn

Rq  ℓR pϕpR{ϕ
n
pmqRqq .
The result follows from Proposition 2.6 if we note that rϕn

k : ks  rϕ

k : ksn. 
Proposition 2.9. Let f : pR,mq Ñ pS, nq be a homomorphism of finite length of
Noetherian local rings. Let M be an R-module of finite length. Then
a) M bR S is an S-module of finite length.
b) In general ℓSpM bR Sq ¤ λpfq  ℓRpMq.
c) If in addition f is flat, then ℓSpM bR Sq  λpfq  ℓRpMq.
Proof. We proceed by induction on ℓRpMq. If M is an R-module of length
1, then M  R{m and all three parts of the proposition hold because in that case
ℓS pM bR Sq  ℓS ppR{mq bR Sq  ℓS pS{fpmqSq  λpfq.
Now assume that all three parts of the proposition hold for all R-modules of length
n0, and let M be an R-module with ℓRpMq  n0   1. Let M
1 be a submodule
of M such that ℓRpM
1
q  1 and ℓRpM{M
1
q  n0. Tensor the exact sequence
0ÑM 1 ÑM ÑM{M 1 Ñ 0 with S to obtain an exact sequence
(2.2) M 1 bR S ÑM bR S
α
Ñ pM{M 1q bR S Ñ 0,
As this sequence shows, there is a surjectionM 1bRS Ñ kerαÑ 0. SinceM
1
bRS is,
by base of induction, of finite length as an S-module, so is kerα. As a result,MbRS
is also an S-module of finite length, and the above sequence yields ℓSpM bR Sq ¤
ℓSpM
1
bRSq ℓS ppM{M
1
q bR Sq. Now a) and b) quickly follow from this inequality
by using the induction hypothesis.
When f is flat, we can put a 0 on the left side of Sequence 2.2, and then we
obtain the equality ℓSpM bR Sq  ℓSpM
1
bR Sq   ℓS ppM{M
1
q bR Sq. Now c)
follows immediately from this equality by using the induction hypothesis. 
Corollary 2.10. Suppose f : pR,mq Ñ pS, nq and g : pS, nq Ñ pT, pq are ho-
momorphisms of finite length of Noetherian local rings. Then with notation of
Definition 2.1,
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a) In general λpgq ¤ λpg  fq ¤ λpgq  λpfq.
b) If in addition g is flat, then λpg  fq  λpgq  λpfq.
Proof. a) By Corollary 2.4 λpg  fq   8. Since gpfpmqSqT  gpnqT , we see
ℓT
 
T {gpnqT

¤ ℓT
 
T {gpfpmqSqT

,
that is, λpgq ¤ λpg  fq. For the second inequality we note that there is a canonical
T -module isomorphism
T
g pfpmqqT

S
fpmqS
bS T.
Thus, using Proposition 2.9-b
(2.3) λpg  fq  ℓT
 S
fpmqS
bS T
	
¤ λpgq  ℓS
 S
fpmqS
	
 λpgq  λpfq.
b) If g is flat, then by Proposition 2.9-c the inequality in Equation 2.3 turns into
an equality, and the result follows immediately. 
3. Algebraic entropy of local self-maps
The lemma that follows is well-known in dynamical systems (see, for exam-
ple [15, Theorem 4.9, p. 87]).
Lemma 3.1. Let tanu and tbnu be sequences of real numbers which satisfy the
following conditions:
a) For all n P N, an, bn ¥ 1 and t n
?
anu is bounded above;
b) For any n,m P N, an m ¥ an  am, and bn m ¤ bn  bm, respectively.
Then the sequences tplog anq{nu and tplog bnq{nu are both convergent. Moreover,
tplog anq{nu Ñ sup
n
tplog anq{nu and tplog bnq{nu Ñ inf
n
tplog bnq{nu.
Proof. Let
α : sup
n
"
log an
n
*
prespectively β : inf
n
"
log bn
n
*
q.
Note that by assumption a) α is a non negative real number. Also, by assumption
b) we have bn ¤ pb1q
n for all n ¥ 1. Thus β is also a non negative real number.
Now for every ε ¡ 0 there exists n0 such that plog an0q{n0 ¥ α  ε (respectively
plog bn0q{n0 ¤ β   ε). Given an integer n ¡ n0, let us write n  n0q   r, with
0 ¤ r   n0. Then using our assumptions (c) and (a) we have
an ¥ an0q  ar ¥ an0q ¥ pan0q
q
prespectively, bn ¤ bn0q  br ¤ pbn0q
q
 br.q
From these inequalities we can deduce
log an
n
¥
qn0
n

log an0
n0
¥
qn0
n
 pα εq 
n0
n0   r{q
 pα εq
prespectively
log bn
n
¤
qn0
n

log bn0
n0
 
log br
n
¤
qn0
n
 pβ   εq  
log br
n

n0
n0   r{q
 pβ   εq  
log br
n
q.
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Hence, if we take n large enough so that
n0
n0   r{q
¥
α 2ε
α ε
prespectively
log br
n
¤ ε for all 0 ¤ r   n0q,
then we will get plog anq{n ¥ pα 2εq (respectively, since
n0
n0   r{q
¤ 1, we will get
log bn
n
¤ pβ   εq   ε  β   2ε.q
These inequalities together with the definition of α and β show that
lim
nÑ8
log an
n
 α and lim
nÑ8
log bn
n
 β.

Theorem 3.2. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. Then the sequence tplogλpϕnqq{nu converges to its infimum.
Proof. We apply Lemma 3.1 to prove this theorem, taking bn  λpϕ
n
q. We
need to verify that conditions of Lemma 3.1 hold. It is clear that λpϕnq ¥ 1.
Moreover, the inequality λpϕm nq ¤ λpϕmq λpϕnq holds by Corollary 2.10. Hence,
by Lemma 3.1 the sequence tplogλpϕnqq{nu converges to its infimum. 
Definition 3.3. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. We define the algebraic entropy of ϕ as
halgpϕ,Rq : lim
nÑ8
logλpϕnq
n
.
Calling a quantity entropy requires justification. In our case, notable analogies
between halgpf,Rq and topological entropy serve to justify our terminology.
Example 3.4. (Dimension zero) Let pR,mq be a Noetherian local ring of dimension
zero, and let ϕ be a local self-map of R. Then R is Artinian and
1 ¤ λpϕnq ¤ ℓpRq   8.
Applying logarithm, dividing by n and letting n approach infinity, we see that
halgpϕ,Rq  0. Thus, the algebraic entropy of any local self-map of a Noetherian
local ring of dimension zero is 0.
Example 3.5. (Frobenius) Let pR,mq be a Noetherian local ring of dimension
d ¡ 0 and of characteristic p ¡ 0, and let ϕ be the Frobenius endomorphism of R.
Then, by [9, Proposition 3.2, p. 777]
pnd ¤ λpϕnq ¤ min
ty1,...,ydu
rℓR pR{py1, . . . , ydqRqs  p
nd,
where ty1, . . . , ydu runs over all systems of parameters of R. Applying logarithm,
dividing by n and letting n approach infinity we see that halgpϕ,Rq  d  log p.
Following a number of ideas of Kunz, in [12] Monsky defined the Hilbert-
Kunz multiplicity for the Frobenius endomorphism of Noetherian local rings of
positive characteristic. He then showed that in this case, Hilbert-Kunz multiplicity
always exists. It is not easy to compute Hilbert-Kunz multiplicities . It often
takes on non-integer values. It is not even known whether it is always a rational
number. Nevertheless, it has become evident through works of various authors, that
it provides a reasonable measure of the singularity of R. Inspired by Example 3.5,
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here we propose a characteristic-free interpretation of the definition of Hilbert-Kunz
multiplicity.
Definition 3.6 (Hilbert-Kunz multiplicity). Let R be a Noetherian local ring of
arbitrary characteristic, and let ϕ be a self-map of finite length of R. Let
ppϕ,Rq :
 
expphalgpϕ,Rqq
1{ dimR
.
Then the Hilbert-Kunz multiplicity of R with respect to ϕ is defined as
(3.1) eHKpϕ,Rq : lim
nÑ8
λpϕnq
ppϕ,Rqnd
,
provided that the limit exists.
Remark 3.7. In the general case, we do not know whether the limit in 3.1 always
exists or not.
Proposition 3.8. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of
finite length of R. If ϕpmqR  m, then
lim
nÑ8
1
n
 log ℓR pm{ϕ
n
pmqRq  halgpϕ,Rq.
Proof. From the exact sequence
0Ñ m{ϕnpmqRÑ R{ϕnpmqRÑ R{mÑ 0
we see that
ℓR pm{ϕ
n
pmqRq  ℓR pR{ϕ
n
pmqRq  ℓR pR{mq  ℓR pR{ϕ
n
pmqRq  1.
Since ϕpmqR  m, we have λpϕnq  ℓR pR{ϕ
n
pmqRq ¥ 2. Therefore
1
2
λpϕnq ¤ λpϕnq  1  ℓR pm{ϕ
n
pmqRq ¤ λpϕnq.
We get the result by applying logarithm, dividing by n and letting n approach
infinity. 
Definition 3.9 ([4], p. 80). A local self-map ϕ of a local ring pR,mq is said to be
contracting, if for each element x P m the sequence tϕnpxqui¥1 converges to 0 in
the m-adic topology of R.
Remark 3.10 ([4], Lemma 12.1.4, p. 81). A local self-map ϕ of a Noetherian local
ring pR,mq is contracting if and only if ϕedimpRqpmq  m2, where edimpRq is the
embedding dimension of R.
The following proposition shows that when ϕ is a contracting self-map in the
sense of Definition 3.9, then we can compute halgpϕ,Rq using any ideal of definition
of the ring.
Proposition 3.11. Let pR,mq be a Noetherian local ring, let ϕ be a contracting
self-map of finite length of R. Let q be an m-primary ideal of R. Then
lim
nÑ8
1
n
 log ℓ pR{ϕnpqqRq  halgpϕ,Rq.
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Proof. Since q is m-primary and ϕ is contracting, by Remark 3.10 there is an
integer s such that ϕspmq  q  m. Applying ϕn and extending the results into
ideals of R we obtain
ϕn spmqR  ϕnpqqR  ϕnpmqR.
Thus
pλpϕnqq
1{n
¤ pℓR pR{ϕ
n
pqqRqq
1{n
¤
 
λpϕn sq

r1{pn sqsrpn sq{ns
.
We obtain the result by applying logarithm and letting n approach infinity. 
4. General properties of algebraic entropy
Lemma 4.1. Let f : pR,mq Ñ pS, nq be a flat homomorphism of finite length of
Noetherian local rings. Let ϕ be a self-map of finite length of R, and assume that
ϕ can be extended to a self-map ψ of S, in such a way that the following diagram
commutes
R R
S S.
ϕ
f
ψ
f
Then halgpϕ,Rq  halgpψ, Sq.
Proof. We first show λpψq   8. The commutativity of the diagram shows
that ψ must be a local map. By Corollary 2.4 the map f  ϕ is of finite length.
Then from the commutativity of the diagram it follows that ψ  f is also of finite
length. Since ψpnqS  ψ pfpmqSqS and since ψ f is of finite length, it follows that
ψpnqS is n-primary, that is, ψ is of finite length.
By Corollary 2.5 ϕn and ψn are also of finite length. Noting that ψnf  f ϕn
and using the flatness of f , by Corollary 2.10 we obtain
λpϕnq  λpfq  λpϕnq{λpfq  λpf  ϕnq{λpfq  λpψn  fq{λpfq ¤ λpψnq
¤ λpψn  fq  λpf  ϕnq  λpfq  λpϕnq.
Hence λpϕnq ¤ λpψnq ¤ λpfq  λpϕnq. The result follows immediately from these
inequalities by taking logarithms, dividing by n, and letting n approach infinity. 
Corollary 4.2. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of
finite length of R. If pR is the m-adic completion of R then
halgpϕ,Rq  halgppϕ, pRq.
Lemma 4.3. Let pR,mq be a Noetherian local ring and suppose ϕ : R Ñ R is a
local self-map of R. Then S :

n¥1 ϕ
n
pRq is a local subring of R with maximal
ideal n :

n¥1 ϕ
n
pmq. Furthermore, if a is the ideal generated by n in R, then
ϕpaqR  a. If ϕ is additionally injective, then ϕpaqR  a.
Proof. It is immediately clear that S is a subring of R and that n is an
ideal of S. To show that n is the (only) maximal ideal of S, consider an element
s P Szn. Since s R n, there is an n0 such that s R ϕ
n0
pmq. In fact, since for n ¥ n0,
ϕnpmq  ϕn0pmq, we see that s R ϕnpmq for all n ¥ n0. Hence, there are units
yn P Rzm such that s  ϕ
n
pynq for all n ¥ n0. Since s is clearly a unit in R, it has
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a unique multiplicative inverse s1 in R. From uniqueness of multiplicative inverse
it immediately follows that we must have s1  ϕnpy1n q, for all n ¥ n0. Hence,
s1 P S, that is, s is also a unit in S.
To prove the statements about the ideal a, note that by its definition, a has
a set of generators x1, . . . , xg P n. So ϕpaqR can be generated by ϕpx1q, . . . , ϕpxgq
and it suffices to show that each ϕpxiq is in a. Since xi P n, there is a sequence
of element yi,n P m such that xi  ϕpyi,1q  . . .  ϕ
n
pyi,nq  . . . . Thus, ϕpxiq 
ϕ2pyi,1q  . . .  ϕ
n 1
pyi,nq  . . ., showing that ϕpxiq P n  a.
Now assume that ϕ is injective. To show ϕpaqR  a it suffices to show that
each xi is in ϕpaq. Since xi P n, there is a sequence of element yi,n P m such that
xi  ϕpyi,1q  . . .  ϕ
n
pyi,nq  . . . .
Since xi  ϕpyi,1q, we will be done by showing that yi,1 P n. By injectivity of ϕ,
we have yi,1  ϕpyi,2q  . . .  ϕ
n1
pyi,nq  . . . , which means yi,1 P n. 
Remark 4.4. Let pR,mq be a Noetherian local ring and suppose ϕ : R Ñ R is
a local self-map of R. If

n¥1 ϕ
n
pmq  p0q, then we see from Lemma 4.3 that R
contains a field and is equicharacteristic. As noted in [3, Remark 5.9, p. 10], this
occurs, for example, if ϕ is a contracting self-map (in the sense of Definition 3.9).
The next lemma shows that any self-map of a local ring of mixed characteristic
naturally induces a self-map of another local ring of equicharacteristic p ¡ 0 with
the same algebraic entropy.
Lemma 4.5. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of finite
length of R. Let a be the ideal of R defined in Lemma 4.3, and let ϕ be the local
self-map induced by ϕ on R{a (see Lemma 4.3 ). Then
a) R{a is a local ring of equicharacteristic p ¡ 0.
b) halgpϕ,R{aq  halgpϕ,Rq.
Proof. a) With reference to Lemma 4.3, the image of the local subring S of
R in R{a is a field, because it’s maximal ideal n is contained in a and is mapped to
0. Hence R{a contains a field and must be a local ring of equicharacteristic p ¡ 0,
as its residue field is of characteristic p ¡ 0.
b) Note that ϕnpmqR  a for all n ¥ 1. Hence, ϕnpmqR a  ϕnpmqR. Thus by
Proposition 2.7, λpϕ nq  λpϕnq. Our claim quickly follows from this equality. 
Proposition 4.6. Let R be a Noetherian ring, and let ϕ be a finite local self-map
of R. If we denote the minimum number of generators of the R-module ϕn

R by
νpϕn

Rq, then the sequence tplog νpϕn

Rqq{nu converges to its infimum. We will
denote this limit by by ν
8
.
Proof. We will apply Lemma 3.1 to prove this proposition, taking
bn  νpϕ
n

Rq.
To verify conditions of Lemma 3.1, first note that the inequality bn m ¤ bn  bm
holds because if tx1, . . . , xtu and ty1, . . . , ysu are sets of generators of ϕ
m

R and
ϕn

R over R, respectively, then tϕmpyjqxi | 1 ¤ i ¤ t, 1 ¤ j ¤ su is a set of
generators of ϕn m

R over R. Therefore
νpϕn m

Rq ¤ νpϕn

Rq  νpϕm

Rq.
On the other hand, it is clear that bn  νpϕ
n

Rq ¥ 1. Hence, by Lemma 3.1 the
sequence tplog νpϕn

Rqq{nu converges to its infimum. 
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Corollary 4.7. Let pR,m, kq be a Noetherian local ring, and let ϕ be a finite local
self-map of R. Then ν
8
 logrϕ

k : ks   halgpϕ,Rq, where ν8 is as defined in
Proposition 4.6.
Proof. By Corollary 2.8 νpϕn

Rq  rϕ

k : ksn  λpϕnq. The result follows by
applying logarithm to both sides of this equation, then dividing by n and letting n
approach infinity. 
5. Entropy-type properties of algebraic entropy
Proposition 5.1. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of
finite length of R. Then for any k P N
halgpϕ
k, Rq  k  halgpϕ,Rq.
Proof. By definition of algebraic entropy
halgpϕ
k, Rq  lim
nÑ8
p1{nq  logλpϕknq
 k  lim
nÑ8
p1{pknqq  logλpϕknq
 k  halgpϕ,Rq.

We need the following two lemmas for the proof of Theorem 5.4.
Lemma 5.2 (see [1], p. 312). Let tanu and tbnu be two sequences of real numbers
not less than 1 such that limnÑ8plog anq{n  α and limnÑ8plog bnq{n  β exist.
Then
lim
nÑ8
logpan   bnq{n  maxtα, βu.
Lemma 5.3. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. Let a1, . . . , as be a collection of not necessarily distinct ideals of R,
such that for each ai, ϕpaiqR  ai. Let ϕ and ϕi be the self-maps induced by ϕ on
R{
±
iai and A{ai, respectively. Then
halgpϕ,R{
±
iaiq  maxthalgpϕi, R{aiq | 1 ¤ i ¤ su.
Proof. We proceed by induction on s, the number of ideals, counting possible
repetitions. The statement is trivially true if s  1, so suppose s  2. Without loss
of generality we may assume
halgpϕ1, R{a1q  maxthalgpϕ1, R{a1q, halgpϕ2, R{a2qu.
Since a1a2  a1, we have a1 X pa1a2   ϕ
n
pmqRq  a1a2   pa1 X ϕ
n
pmqRq. Thus, if
we apply the Second Isomorphism Theorem to make the identification
a1   ϕ
n
pmqR
a1a2   ϕnpmqR

a1
a1a2   pa1 X ϕnpmqRq
,
then we can write an exact sequence
0Ñ
a1
a1a2   pa1 X ϕnpmqRq
Ñ
R
a1a2   ϕnpmqR
Ñ
R
a1   ϕnpmqR
Ñ 0.
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From this exact sequence we obtain
ℓRpR{ra1   ϕ
n
pmqRsq ¤ ℓRpR{ra1a2   ϕ
n
pmqRsq
 ℓRpa1{ra1a2   pa1 X ϕ
n
pmqRqsq(5.1)
  ℓRpR{ra1   ϕ
n
pmqRsq.
Since in the quotient ring R{pa1a2q the ideal a2{pa1a2q annihilates a1{pa1a2q, we can
consider a1{pa1a2q as a finite rpR{pa1a2qq { pa2{pa1a2qqs-module and as such, there
is a surjection

R{pa1a2q
a2{pa1a2q

t
Ñ
a1
pa1a2q
Ñ 0.
If we tensor this surjection, over the quotient ring R{pa1a2q with
R{pa1a2q
ra1a2   ϕnpmqRs{pa1a2q
and then compare the lengths in the resulting surjection, by using Proposition 2.7,
Proposition 2.6 and the Third Isomorphism Theorem, we can quickly see
ℓRpa1{ra1a2   a1  ϕ
n
pmqRsq ¤ ℓRpa1{ra
2
1a2   a1  ϕ
n
pmqRsq
¤ t  ℓRpR{ra2   ϕ
n
pmqRsq.
Since ℓRpa1{ra1a2   pa1 X ϕ
n
pmqRqsq ¤ ℓRpa1{ra1a2   a1  ϕ
n
pmqRsq, the previous
inequality together with Inequality 5.1 yield
ℓRpR{ra1   ϕ
n
pmqRsq ¤ ℓRpR{ra1a2   ϕ
n
pmqRsq
¤ ℓRpR{ra1   ϕ
n
pmqRsq   t  ℓRpR{ra2   ϕ
n
pmqRsq.
If we apply logarithm, divide by n, and let n approach infinity, by using Lemma 5.2
and Proposition 2.7 we obtain
halgpϕ1, R{a1q ¤ halgpϕ,R{a1a2q ¤ maxthalgpϕ1, R{a1q, halgpϕ2, R{a2qu.
This establishes the result for s  2. Now we assume the statement holds for all s
with 2 ¤ s ¤ n0, and we show it also holds for s  n0 1. To this end, we can write
the product
±n0 1
i1 ai of our ideals in the form p
±n0
i1 aiqpan0 1q and then apply the
case s  2 followed by the case s  n0 to establish the result for s  n0   1, using
the induction hypothesis. 
The next result shows that if a self-map ϕ of a Noetherian local ring R ‘fixes’
minimal prime ideals of R, then its algebraic entropy is equal to the maximum
algebraic entropy of the self-maps that it induces on each irreducible component of
SpecpRq.
Theorem 5.4. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. Assume further that for every minimal prime ideal pi of R we have
ϕppiqR  pi and let ϕi be the self-map induced by ϕ on R{pi. Then
(5.2) halgpϕ,Rq  maxthalgpϕi, R{piq | pi P MinpRqu.
Proof. Let MinpRq  tp1, . . . , psu and let a 
±
i pi. Then a is contained
in the nilradical of R, hence aN  p0q for some N . Therefore it is clear that
halgpϕ,Rq  halgpϕ,R{a
N
q. But by Lemma 5.3
halgpϕ,R{a
N
q  maxthalgpϕi, R{piq | pi P MinpRqu.

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Remark 5.5. As we shall see shortly in Proposition 5.9, under certain conditions,
when a self-map is integral, a power of the self-map ‘fixes’ minimal prime ideals. As
a result, we can apply Theorem 5.4 to a power of our self-map in this case. We will
obtain formulas similar to Formula 5.2 in Corollary 5.10 and Theorem 5.15, below.
Lemma 5.6. Let f : pR,mq Ñ pS, nq and g : pS, nq Ñ pR,mq be homomorphisms
of finite length of Noetherian local rings. Then halgpg  f,Rq  halgpf  g, Sq.
Proof. Before we begin the proof, it is noteworthy that by [10, Theorem 15.1(i),
p. 116] the assumptions about f and g imply dimR  dimS. To simplify notations
we will write ϕ : g  f and ψ : f  g. Then ϕ is a local self-map of R and ψ
is a local self-map of S. Moreover, by Corollary 2.4, ϕ and ψ are of finite length.
Writing ϕn 1 in the form g  ψn  f and using Corollary 2.10, we obtain
λpϕn 1q ¤ λpgq  λpψnq  λpfq.
By symmetry we also obtain
λpψn 1q ¤ λpfq  λpϕnq  λpgq.
Applying logarithm to these inequalities, then dividing by n   1 and letting n go
to infinity, we obtain
halgpg  f,Rq  halgpf  g, Sq.

Corollary 5.7 (Invariance). Let pR,mq and pS, nq be two Noetherian local rings.
Suppose f : R Ñ S is an isomorphism, and let ϕ be a self-map of of finite length
of R . Then halgpf  ϕ  f
1, Sq  halgpϕ,Rq.
Proof. It suffices to apply Lemma 5.6 to the following homomorphisms
R S
f1
f  ϕ

Corollary 5.8. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of finite
length of R. Let a be an ideal of R with the property ϕpaqR  a, and write ϕ for
both self-maps induced by ϕ on R{a and R{ϕpaqR. Then
halgpϕ,R{aq  halgpϕ,R{ϕpaqRq.
Proof. It suffices to apply Lemma 5.6 to the following homomorphisms
R{a R{ϕpaqR
id
ϕ1
where ϕ1 and id are canonical homomorphisms induced by ϕ and identity of R,
respectively. 
Proposition 5.9. Let R be a Noetherian local ring and let ϕ be an integral local
self-map of R. Let aϕ be the self-map induced by ϕ on SpecpRq. Assume that all
minimal prime ideals of R contain kerϕ. Then the restriction of aϕ to MinpRq is a
permutation of the set MinpRq.
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Proof. Let ϕ be the map pR{ kerϕq Ñ R induced by ϕ. We have a commuting
diagram
R R
pR{ kerϕq
ϕ
pi
ϕ
Let q be an element of MinpRq. Then by assumption kerϕ  q, hence πpqq is an
element of MinpR{ kerϕq. Since ϕ is integral, there is an element p P SpecpRq such
that πpqq  ϕ1ppq. Thus, q  ϕ1ppq, or equivalently q  aϕppq. We claim that
p P MinpRq. If p were not a minimal prime ideal of R, then it would contain a
minimal prime ideal p1. In that case we would have πpqq  ϕ 1ppq  ϕ1pp1q and
the minimality of πpqq would force ϕ1pp1q  πpqq. But since ϕ is integral, there
can be no inclusion between prime ideals of R lying over πpqq [10, Theorem 9.3,
p. 66]. This establishes our claim that p P MinpRq. Thus, we see that
MinpRq  aϕ pMinpRqq .
Now, since MinpRq is a finite set, we must have MinpRq  aϕ pMinpRqq. Hence the
restriction of aϕ to MinpRq is a bijective map of the set MinpRq to itself. 
Corollary 5.10. Let pR,mq be a Noetherian local ring, and let ϕ be an integral
local self-map of R. Assume that all minimal prime ideals of R contain kerϕ.
Let p be the smallest integer such that aϕp is the identity map on MinpRq (see
Proposition 5.9.) For each pi P MinpRq let ϕi be the self-map induced by ϕ
p on
R{pi. Then
halgpϕ,Rq 
1
p
maxthalgpϕi, R{piq | pi P MinpRqu.
Proof. First we should note that since ϕ is integral, it is of finite length. By
Theorem 5.4
halgpϕ
p, Rq  maxthalgpϕi, R{piq | pi P MinpRqu.
Now by Proposition 5.1 halgpϕ
p, Rq  p  halgpϕ,Rq and the result follows. 
Corollary 5.11. Let R be a Noetherian local ring and let ϕ be an integral local
self-map of R. Assume that all minimal prime ideals of R contain kerϕ. Then an
element x P R belongs to a minimal prime ideal of R, if and only if ϕpxq belongs
to a minimal prime ideal of R.
Proof. Let x be an element of R. If ϕpxq P p for some p P MinpRq, then we
have x P ϕ1ppq and by Proposition 5.9 ϕ1ppq P MinpRq. Conversely, suppose
x P q for some q P MinpRq. Then by Proposition 5.9 there is a minimal prime ideal
p P MinpRq such that q  ϕ1ppq. Hence ϕpxq P p. 
Corollary 5.12. Let R be a Noetherian local ring and let ϕ be an integral local self-
map of R. Assume that all minimal prime ideals of R contain kerϕ. If p R MinpRq,
then ϕ1ppq R MinpRq.
Proof. This follows quickly from the proof of Proposition 5.9. 
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Remark 5.13. If R is a Noetherian local ring and ϕ is a local self-map of R, then
for every integer n ¥ 1, ϕ pkerϕnq  kerϕn1  kerϕn. Hence ϕ induces a local
self-map of R{ kerϕn.
Proposition 5.14. Let pR,mq be a Noetherian local ring, let ϕ be a self-map of
of finite length of R. For any integer n ¥ 1 let ϕn be the local self-map induced by
ϕ on R{ kerϕn (see Remark 5.13). Then
a) halgpϕ,Rq  halgpϕn, R{ kerϕ
n
q.
b) For n large enough ϕn : R{ kerϕ
n
Ñ R{ kerϕn is injective.
c) If ϕ is integral, then so is ϕn (see [5, Chapter V, Proposition 2, p. 305]).
Proof. a) We apply Corollary 5.8 to the self-map ϕn of R, taking kerϕn as
the ideal a in that corollary. Since ϕnpkerϕnqR  p0q, we obtain
halgpϕ
n
n, R{ kerϕ
n
q  halgpϕ
n
n, R{ϕ
n
pkerϕnqRq  halgpϕ
n, Rq.
Now the result follows from Proposition 5.1.
b) R is Noetherian, so the ascending chain kerϕ  kerϕ2  kerϕ3  . . . is
stationary. Let n0 be such that kerϕ
n
 kerϕn 1 for n ¥ n0. We will show
that if n ¥ n0, then ϕn : R{ kerϕ
n
Ñ R{ kerϕn is injective. Let x P R{ kerϕn.
Saying ϕnpxq  0 is equivalent to saying ϕpxq P kerϕ
n, which is equivalent to
saying x P kerϕn 1. Since kerϕn 1  kerϕn, we see that x P kerϕn, or x  0 in
R{ kerϕn. Thus, ϕn is injective.
c) We have a commutative diagram
R R
pR{ kerϕnq pR{ kerϕnq.
ϕ
pi
ϕn
pi
Let πpxq P R{ kerϕn be an arbitrary element. Since x P R is integral over the
subring ϕpRq of R, it satisfies an equation
xn   ϕpan1qx
n1
  . . .  ϕpa1qx   ϕpa0q  0
with ai P R, for 0 ¤ i ¤ n  1. Applying π and using the commutativity of the
diagram, we conclude
pπpxqq
n
  ϕn pπpan1qq pπpxqq
n1
  . . .  ϕn pπpa1qqπpxq   ϕn pπpa0qq  0.
Thus πpxq is integral over the subring ϕnpR{ kerϕ
n
q of R{ kerϕn. 
Theorem 5.15. Let pR,mq be a Noetherian local ring, let ϕ be an integral local self-
map of R, and let ϕn be the self-map induced by ϕ on R{ kerϕ
n(see Remark 5.13).
Assume n is large enough so that ϕn is injective (see Proposition 5.14-b). Let p
be the smallest integer such that aϕ pn is the identity map on MinpR{ kerϕ
n
q (see
Propositions 5.14-c and 5.9). If if pi P SpecpRq is such that pi : ppi{ kerϕ
n
q P
MinpR{ kerϕnq, then ϕpppiqR  pi. Moreover, if we denote the local self-map
induced by ϕp on R{pi by ϕpi , then
halgpϕ,Rq 
1
p
max
 
halgpϕpi , R{piq | ppi{ kerϕ
n
q P MinpR{ kerϕnq
(
.
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Proof. First we should note that since ϕ is integral, it is of finite length. The
relation ϕpppiqR  pi quickly follows from the assumption that
aϕ pn is the identity
map on MinpR{ kerϕnq and the following commutative diagram
R R
pR{ kerϕnq pR{ kerϕnq.
ϕp
ϕ pn
Now, by Propositions 5.14-a and 5.1
halgpϕ,Rq  p1{pq  halgpϕ
p
n , R{ kerϕ
n
q,
and by Theorem 5.4 applied to the ring R{ kerϕn and its self-map ϕ pn
halgpϕ
p
n , R{ kerϕ
n
q 
max
!
halg

ϕpi ,
R{ kerϕn
pi{ kerϕn
	
| pi  ppi{ kerϕ
n
q P MinpR{ kerϕnq
)
,
where we wrote ϕpi for the local self-map induced by ϕ
p
n on pR{ kerϕ
n
q{ppi{ kerϕ
n
q.
Finally, by applying Proposition 2.7 two times we can see
halg

ϕpi ,
R{ kerϕn
pi{ kerϕn
	
 halgpϕpi , R{piq.
This concludes our proof. 
Embedded prime ideals of a ring may not behave as nicely as its minimal prime
ideals under a self-map. As the next example will show, the image of a non-zero
divisor under a self-map could land in an embedded prime ideal, and it is possible
for an element of an embedded prime ideal to be mapped to a non-zerodivisor by
a self-map.
Example 5.16. Consider the polynomial ring Krx, y, z, ws over a field K. Let a
be the ideal px2, xy, xz, zwq and let A  Krx, y, z, ws{a. Then
AsspAq  tpx, zq, px,wq, px, y, zqu.
Define a self-map ϕ of Krx, y, z, ws as follows
x
ϕ
ÞÑ x2; y
ϕ
ÞÑ y; z
ϕ
ÞÑ w; w
ϕ
ÞÑ z.
Since ϕpaq  a, ϕ induces a self-map ϕ of A. The A-module ϕ

A is finitely
generated. In fact, it is generated by 1 and x as an A-module. Now, y   w is not
a zerodivisor in A because it does not belong to any prime ideal in AsspAq. But
ϕpy  wq  y   z is a zerodivisor in A; it is killed by x, for example. On the other
hand, y   z is a zerodivisor but is mapped to y   w, which is not a zerodivisor.
6. Finite self-maps, algebraic entropy and degree
Another analogy between algebraic entropy halgpϕ,Rq and topological entropy
htoppϕ,Xq is exhibited by their relation to degree of f . In the topological setting,
Misiurewicz and Przytycki showed in [11], that if f is a C1 self-map of a smooth
compact orientable manifold M , then
htoppf,Mq ¥ log | degpfq|.
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In addition, for a holomorphic self-map f of CPn, Gromov established the relation
htoppf,CP
n
q  log | degpfq|
in [7]. Here degpfq is the topological degree of f . In this section we will obtain
similar relations between algebraic entropy and degree of a finite self-map (see
Theorem 6.4). First, we will make it clear what we mean by degree here.
Definition 6.1. Let R be a Noetherian local domain, and let ϕ be a finite self-map
of R. Then by degree of ϕ, degpϕq, we mean the rank of the R-module ϕ

R. Note
that the equality degpϕnq  rdegpϕqsn holds for all n P N.
Lemma 6.2. Let pR,mq be a Noetherian local domain, let ϕ be a finite local self-
map of R. If q is an m-primary ideal of R, then for n P N
(6.1) epϕnpqqRq 
epqq pdegpϕqq
n
rϕ

k : ksn
.
Proof. Let d  dimR. By definition of multiplicity
epq, ϕn

Rq  lim
mÑ8
d!
md
 ℓR
 ϕn

R
qm  ϕn

R
	
 lim
mÑ8
d!
md
 ℓR

ϕn

  R
ϕnpqmqR

	
 lim
mÑ8
d!
md
 ℓR

ϕn

  R
pϕnpqqRqm

	
(for the last equality, see, e.g., [2, Exercise 1.18, p. 10]). Now by Proposition 2.6
lim
mÑ8
d!
md
 ℓR

ϕn

  R
pϕnpqqRqm

	
 lim
mÑ8
d!
md
 rϕn

k : ks  ℓR
 R
pϕnpqqRqm
	
 rϕ

k : ksn  lim
mÑ8
d!
md
 ℓR
 R
pϕnpqqRqm
	
 rϕ

k : ksn  epϕnpqqRq.
So epq, ϕn

Rq  rϕ

k : ksn  epϕnpqqRq. On the other hand (see [10, Theorem 14.8,
p. 109])
epq, ϕn

Rq  epqq  degpϕnq,
and Formula 6.1 quickly follows. 
Remark 6.3. Formula 6.1 can also be deduced from [17, Corollary 1, Chapter VIII,
p. 299].
Theorem 6.4. Let pR,mq be a Noetherian local domain, and let ϕ be a finite local
self-map of R. Then
a) log degpϕq ¤ logrϕ

k : ks   halgpϕ,Rq.
b) If in addition R is Cohen-Macaulay, then
log degpϕq  logrϕ

k : ks   halgpϕ,Rq.
Proof. a) Consider a minimal free presentation of the R-module ϕn

R
Rs Ñ Rt Ñ ϕn

RÑ 0.
Localizing this presentation at p0q we can see
pdegpϕqqn  degpϕnq  rankϕn

R ¤ t  νpϕn

Rq.
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Now, since by Corollary 2.8
νpϕn

Rq  rϕ

k : ksn  λpϕnq,
we obtain
pdegpϕqqn ¤ rϕ

k : ksn  λpϕnq.
We get the desired inequality by applying logarithm, dividing by n and letting n
approach infinity.
b) Suppose R is Cohen-Macaulay and let q be an arbitrary parameter ideal of
R. Then
λpϕnq  ℓR pR{ϕ
n
pmqRq ¤ ℓR pR{ϕ
n
pqqRq .
Since R is Cohen-Macaulay (see, e.g., [10, Theorem 17.11, p. 138])
ℓR pR{ϕ
n
pqqRq  epϕnpqqRq.
Whence
λpϕnq ¤ epϕnpqqRq 
epqqpdegpϕqqn
rϕ

k : ksn
,
where the last equality holds by Lemma 6.2. Applying logarithm, dividing by n,
and letting n approach infinity we obtain
halgpϕ,Rq ¤ log degpϕq  logrϕ k : ks.
This inequality together with the inequality in part a) yield the result. 
7. Bounds for algebraic entropy
The following definition is inspired by a similar definition given in [13, p. 11].
Definition 7.1. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of
finite length of R. We define
vpϕq  maxtk P N | ϕpmqR  mku,
wpϕq  mintk P N | mk  ϕpmqRu.
Remark 7.2. It quickly follows from this definition, that for all n P N
m
wpϕnq
 ϕnpmqR  mvpϕ
n
q.
Thus, we always have vpϕnq ¤ wpϕnq.
Lemma 7.3. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of finite
length of R. Then for all m,n P N the following inequalities hold:
vpϕn mq ¥ vpϕnq  vpϕmq,
wpϕn mq ¤ wpϕnq  wpϕmq.
Proof. First note that for any ideal a of R and any n P N we have (see [2,
Exercise 1.18, p. 10])
ϕpanqR  pϕpaqRq
n
.
Now, we can write
ϕm npmqR  ϕmpϕnpmqRqR  ϕmpmvpϕ
n
q
qR
 rϕmpmqRs
vpϕnq
R  mvpϕ
m
qvpϕnq.
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Thus, by definition of vpϕm nq we must have vpϕm nq ¥ vpϕnq  vpϕmq. Similarly,
we can write
m
wpϕmqwpϕnq
 rϕmpmqRs
wpϕnq
 ϕmpmwpϕ
n
q
qR
 ϕmpϕnpmqRqR  ϕm npmqR.
Again, by definition of wpϕm nq we must have wpϕm nq ¤ wpϕmq  wpϕnq.

Theorem 7.4. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of
finite length of R. Then the sequences tplog vpϕnqq{nu and tplogwpϕnqq{nu are
both convergent. We will denote the limits of these sequences by vhpϕq and whpϕq,
respectively.
Proof. We will apply Lemma 3.1, taking the sequences tvpϕnqu and twpϕnqu
as tanu and tbnu in the lemma, respectively. We verify that the conditions of the
lemma are satisfied. By Lemma 7.3 and Remark 7.2, for every n P N we have
1 ¤ rv
p
ϕqsn ¤ vpϕnq ¤ wpϕnq ¤ rwpϕqsn.
Thus, condition a) of Lemma 3.1 is satisfied. Moreover, Lemma 7.3 shows that
condition b) of Lemma 3.1 is also satisfied. Hence the sequences tlogpvpϕnqq{nu
and tlogpwpϕnqq{nu are both convergent. 
Lemma 7.5. Let pR,mq be a Noetherian local ring with of dimension d, and let ϕ
be a self-map of finite length of R. Then
d  vhpϕq ¤ halgpϕ,Rq ¤ d  whpϕq.
Proof. By Definition 7.1 we have
m
wpϕnq
 ϕnpmqR  mvpϕ
n
q.
Thus
ℓRpR{m
vpϕnq
q ¤ λpϕnq ¤ ℓRpR{m
wpϕnq
q.
We consider two cases: vpϕnq Ñ 8 and vpϕnq Û 8. In the first case, if vpϕnq Ñ 8,
then by Remark 7.2 wpϕnq Ñ 8, as well, and for large n, the lengths ℓRpR{m
vpϕnq
q
and ℓRpR{m
wpϕnq
q are polynomials in vpϕnq and wpϕnq, respectively, of precise
degree d, with highest degree terms epmqpvpϕnqqd{d! and epmqpwpϕnqqd{d!. Thus,
for large n we will have
epmq
d!
pvpϕnqq
d
¤ λpϕnq ¤
epmq
d!
pwpϕnqq
d
.
Applying logarithm, dividing by n and letting n approach infinity, we see that
0 ¤ d  vhpϕq ¤ halgpϕ,Rq ¤ d  whpϕq   8.
In the second case, when vpϕnq Û 8, the sequence tvpϕnqu must be bounded.
Hence, there is a constant c such that 1 ¤ vpϕnq ¤ c. Applying logarithm, dividing
by n and letting n approach infinity, we see that vhpϕq  0. Now, if wpϕ
n
q Ñ 8,
then starting with the inequality
1 ¤ λpϕnq ¤ ℓRpR{m
wpϕnq
q
and repeating the same argument as before, we arrive at the desired inequality
vhpϕq  0 ¤ halgpϕq ¤ d  whpϕq.
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Finally if wpϕnq Û 8, then the sequence twpϕnqu is also bounded and there exists
a constant c1 such that 1 ¤ wpϕnq ¤ c1. After applying logarithm, dividing by n
and letting n approach infinity, we see that whpϕq  0. Since vhpϕq  0 as well, the
proof will be completed by showing halgpϕ,Rq  0. This follows from the inequality
1 ¤ λpϕnq ¤ ℓRpR{m
wpϕnq
q ¤ ℓRpR{m
c1
q
by applying logarithm, dividing by n and letting n approach infinity. 
Corollary 7.6. Let pR,mq be a Noetherian local ring, and let ϕ be a self-map of
finite length of R. If wpϕnq Û 8 then halgpϕ,Rq  0.
Appendix A. Topological entropy
A local self-map of finite length of a Noetherian local ring R induces a self-
map on SpecpRq, as well as the punctured spectrum UR of R. The complexity
of the induced map may be measured by the notion of topological entropy that
was introduced in [1]. The induced map could be as simple as the identity map,
even when the ring self-map is not identity. For example, when R is of positive
characteristic p, then the Frobenius endomorphism induces the identity map on the
punctured spectrum. It is then not surprising that the topological entropy of the
Frobenius endomorphism is 0, while its algebraic entropy is d  log p, as was shown
in Example 3.5. The following definitions are taken from [1].
Let X be a compact topological space. For any open cover U of X let
NpUq  mint| V | : V is a subcover of Uu.
Note that since X is compact, NpUq is always finite. If U and W are two open
covers of X , define their join U _W as follows
U _W  tU XW | U P U ,W PWu.
An open cover W is said to be a refinement of a cover U , written U  W , if every
member of W is a subset of some member of U .
Definition A.1 ([1], p. 310). Let ϕ : X Ñ X be a continuous self-map of a
compact topological space X . Then the topological entropy of ϕ, htoppϕ,Xq is
defined as follows
htoppϕ,Xq  sup
U
hpϕ,Uq,
where
hpϕ,Uq  lim
nÑ8
1
n
 logN

U _ ϕ1pUq _ . . ._ ϕpn1qpUq
	
.
The existence of the limit in Definition A.1 was established in [1, p. 310].
Proposition A.2 ([1], Property 10, p. 310). If U and W are open covers of a
topological space X such that U  W and if ϕ is a continuous self-map of X , then
hpϕ,Uq ¤ hpϕ,Wq.
In applications to algebraic geometry, one can consider topological entropy
for self-maps of SpecpRq, as well as self-maps of the punctured spectrum UR of a
Noetherian local ring R. Note that SpecpRq and UR are compact spaces (see [6,
Proposition 1.1.4, p. 195]).
20 MAHDI MAJIDI-ZOLBANIN, NIKITA MIASNIKOV, AND LUCIEN SZPIRO
References
1. R. L. Adler, A. G. Konheim, and M. H. McAndrew, Topological Entropy, Transactions of the
American Mathematical Society, Vol. 114, Pages 309-319 (1965).
2. M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley
Publishing Company (1969).
3. L. Avramov, M. Hochster, S. Iyengar, and Y. Yao, Homological invariants of modules over
contracting homomorphisms, Available electronically at http://arxiv.org/pdf/1010.3029.
4. L. Avramov, S. Iyengar, and C. Miller, Homology over local homomorphisms, American Jour-
nal of Mathematics, Vol. 128, Number 1, Pages 23-90 (2006).
5. N. Bourbaki, Commutative algebra, (2nd printing), Chapters 1-7, Springer-Verlag (1989).
6. A. Grothendieck and J. A. Dieudonne´, Ele´ments de Ge´ome´trie Alge´brique I, Springer-Verlag
(1971).
7. M. Gromov, On the entropy of holomorphic maps, L’Enseignement Math., Vol. 49, Pages
217-235 (2003).
8. A. N. Kolmogorov, A new metric invariant of transitive dynamical systems and of endomor-
phisms of Lebesgue spaces, Dokl. Akad. Nauk SSSR, Vol. 119, Pages 861-864 (1958).
9. E. Kunz, Characterization of regular local rings of characteristic p, American Journal of
Mathematics, Vol. 41, Pages 772-784 (1969).
10. H. Matsumura, Commutative Ring Theory, Cambridge University Press (1986).
11. M. Misiurewicz and F. Przytycki, Topological entropy and degree of smooth mappings, Bull.
Acad. Polon. Sci., Ser. Math. Astron. et Phys., Vol. 25, Pages 573-547 (1977).
12. P. Monsky, The Hilbert-Kunz function, Math. Annal., Vol. 263, Pages 43-49, (1983).
13. P. Samuel, Some asymptotic properties of powers of ideals, Annals of Mathematics, Vol. 56,
No. 1, Pages 11-21 (1952).
14. Ya. G. Sinai, On the Notion of Entropy of a Dynamical System, Dokl. Akad. Nauk SSSR,
Vol. 124, Pages 768-771 (1959).
15. P. Walters, An introduction to ergodic theory, Springer Graduate Texts in Mathematics, Vol.
79, Springer-Verlag (2000).
16. L.-S. Young, Entropy in dynamical systems, in: Entropy, Edited by: A. Greven, G. Keller
and G. Warnecke, Princeton Series in Applied Mathematics, Princeton University Press, Pages
313-327 (2003).
17. O. Zariski and P. Samuel, Commutative algebra (Vol. II), Springer Graduate Texts in Math-
ematics, Vol. 29, Springer-Verlag (1976).
Department of Mathematics, LaGuardia Community College of the City University
of New York, 31-10 Thomson Avenue, Long Island City, NY 11101
E-mail address: mmajidi-zolbanin@lagcc.cuny.edu
Department of Mathematics,The Graduate Center of the City University of New
York, 365 Fifth Avenue, New York, NY 10016
E-mail address: n5k5t5@gmail.com
Department of Mathematics,The Graduate Center of the City University of New
York, 365 Fifth Avenue, New York, NY 10016
E-mail address: lszpiro@gc.cuny.edu
